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We investigate possible finite-volume effects on baryon number susceptibilities of strongly interact-
ing matter. Assuming that a hadronic and a deconfined phase both contribute to the thermodynamic
state of a finite system due to fluctuations, it is found that the resulting shapes of the net-baryon
number distributions deviate significantly from the infinite volume limit for a given temperature
T and baryochemical potential µB . In particular, the constraint on color-singletness for the finite
quark-gluon phase contribution leads to a change of the temperature dependence of the suscepti-
bilities in finite volumes. According to the model, the finite-volume effect depends qualitatively on
the value of µB .
I. INTRODUCTION
In the last years considerable attention has been de-
voted to event-by-event fluctuations and correlations of
conserved quantities in relativistic heavy-ion collisions
(see [1] for an overview of the beam energy scan program
at RHIC and the theoretical background). One impor-
tant goal of this endeavor is to experimentally probe the
phase structure of strongly interacting matter and pos-
sibly identify its critical point. Direct comparisons of
measured net-baryon cumulants with the corresponding
thermodynamic susceptibilities from lattice QCD calcu-
lations [2][3] appear very promising in this respect. These
observables are believed to provide rather robust sig-
natures of the underlying thermodynamics in the case
of heavy-ion experiments. However, in order to relate
experimental measurements and theoretical equilibrium
properties, several complications have to be considered:
One practical problem is the finite phase space accep-
tance and the limited efficiency of any real experiment
which may obscure relevant signatures in the data. Nec-
essary corrections have been addressed theoretically, e. g.
in [4][5][6][7]. A fundamental and obvious issue is the fact
that conserved charges do not fluctuate globally. There-
fore, one has to restrict the statistical analysis to a part
of the total phase space of the heavy-ion reaction. The
acceptance window of such an analysis must be chosen
sufficiently small, so that the observables can be consid-
ered as reflecting a subsystem in thermodynamic contact
with a heat bath. Only then, the grand canonical ensem-
ble can be applied to the theoretical description of this
subsystem. The potential influence of a finite volume of
the source has been explored in [8][9][10][11]. At the same
time, however, the subsystem must be large enough to al-
low the relevant particle correlations to show in the first
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place, see e. g. [12]. Finally, one has to take into account
initial state (e. g. volume) fluctuations in heavy-ion ex-
periments, which overlay the possibly critical fluctuations
under investigation [13].
In the following, we want to draw the attention to an
aspect, which has not been addressed yet: Even under
ideal circumstances and with complete control over all
the beforementioned issues, a heavy-ion experiment can
only probe finite volumes of strongly interacting matter,
while lattice QCD calculations generally refer to the infi-
nite volume case. In a finite volume, the partition func-
tion of the system is subject to additional constraints
which may lead to changes in the thermodynamic prop-
erties like the baryon number susceptibilities. Firstly, in
a finite volume we expect fluctuations of the phase com-
position that are suppressed in the infinite volume case:
I. e. admixtures of unfavourable macroscopic configura-
tions of the system can be realized with finite probabil-
ity and can have an effect on the thermodynamics of the
system. Secondly, when the finite hadronic system of a
heavy-ion reaction is forced to undergo a phase transition
to a deconfined phase by the collision dynamics, we ex-
pect the finite quark-gluon plasma phase to be suppressed
- as compared to the case of infinite matter - due to the
requirement of color-singletness, i. e. an explicit volume
dependence of the quark-gluon plasma equation of state.
In this letter, we present an exploratory study of these
effects and their implications with respect to net-baryon
fluctuations for scenarios with different baryochemical
potentials.
II. THE MODEL
We extend the model proposed in [14] to allow for the
investigation of finite-volume effects on baryon number
susceptibilities as function of temperature and chemi-
cal potential. The basic assumption of the schematic
model is a first order phase transition between a hadronic
phase and a quark-gluon plasma phase, which is justified
for sufficiently high values of the baryochemical poten-
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2tial. 1 In a finite volume, it presumes coexistence of
the two phases due to fluctuations: As a consequence
of the finite (fixed) volume of the total system, any
macroscopic configuration x contributes with a probabil-
ity p(x) ∼ exp[−Φ(x)/T ], where Φ(x) is the grand canon-
ical potential of the system [15]. In the present simplified
set-up, the macroscopic configuration is the composition
of the total system in terms of the partial volumes of the
individual phases, which are assumed to be microscopi-
cally uncorrelated, i. e., the partition function factorizes.
In this picture, all intensive thermodynamic quantities
of the total macroscopic system are given as expectation
values based on the weight of all possible configurations.
The equations of state of the subsystems are a relativis-
tic ideal quantum gas of non-strange hadron resonances
(with eigenvolume correction) on the one hand, and a rel-
ativistic ideal quantum gas of two massless quark flavors
and gluons confined in an MIT bag on the other hand.
For further details we refer the reader to the appendix.
III. SUSCEPTIBILITIES OF BARYON
NUMBER IN THE FINITE SYSTEM
The susceptibilities of the baryon number in the finite
system are calculated as
χBi = −
∂iϕˆ
∂µˆiB
, (1)
from the dimensionless density of the grand canonical
potential ϕˆ = Φ(T, µB , V )V
−1T−4, where µˆB = µB/T is
the reduced baryochemical potential.
The first order susceptibility is proportional to the ex-
pectation value of the net-baryon number,
χB1 (V )V T
3 =< NB > . (2)
For µB = 0 this quantity has a value of zero, which, of
course, is reflected by the model outcome. Let us consider
the second order susceptibility, which is proportional to
the variance of the net-baryon number:
χB2 (V )V T
3 = σB =< (δNB)
2 > . (3)
Figure 1 shows this quantity as a function of tempera-
ture at µB = 0 for different system volumes. The quark-
gluon plasma phase is constructed without color-singlet
and zero-momentum constraint, i. e., there is no explicit
volume dependence. The model calculations show a soft-
ening and broadening of the phase transition which is
more pronounced for small volumes. As was discussed in
1 For µB = 0, it is not in accordance with lattice QCD calcula-
tions. However, we expect that the qualitative behaviour of the
addressed effects will also be present - although less pronounced
- in the case of a crossover.
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FIG. 1. Second order baryon number susceptibilities χB2
as function of temperature at µB = 0. For the individual
phases the equations of state without explicit volume effects
are employed.
[14], this can be understood as a consequence of the ad-
mixture of the “unfavourable” phase in the finite system
at any given temperature. Although suppressed exponen-
tially, the presence of the quark-gluon phase below the
critical temperature T∞C and the presence of the hadronic
phase above T∞C has a finite probability (T
∞
C marks the
first order phase transition for infinite matter). The ef-
fect presented in Figure 1 should in principle be relevant
in any realistic model-treatment of strongly interacting
matter in finite volumes. The basic infinite matter equa-
tions of state of the phases used in our model and the
resulting equation of state of the two-phase system are of
course only schematic approximations to study the finite
size effects, as can be seen from the comparison with lat-
tice QCD results2. However, the model calculation gives
an indication of how strong the deviation from a given
baseline - the true properties of infinite matter - can be
due to the finite volume. In this respect one would con-
clude from Fig. 1 that the finite volume effect considered
here should in principle affect the observed slope of the
crossover curve of χB2 (T ). But the effect seems too small
to be relevant for the analyses of heavy-ion experiments
at present.
Figure 2 (top) shows the same quantity as Figure 1 for
the two-phase model, now explicitely taking into account
the color-singlet constraint in the quark-gluon equation
of state. The picture now changes completely. The
softening of the step in the second order susceptibility
is reduced, while the temperature of the sudden rise is
shifted drastically with decreasing volume. Both effects
2 For µB = 0, lattice QCD does not exhibit a discontinuity of
χB2 (T ) for infinite matter as our simple model, but rather a
smooth transition.
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FIG. 2. Second order baryon number susceptibilities χB2
as function of temperature for different system volumes at
µB = 0 (top) and µB = 300 MeV (bottom). For the QGP
phase the equation of state with explicit volume effects is
employed.
are a consequence of the fact that a smaller volume of the
quark-gluon phase gives rise to larger grand canonical po-
tential density, corresponding to a smaller pressure. For
a given temperature the quark-gluon phase is thus less
favorable (more suppressed) in a finite volume as com-
pared to the infinite volume limit. The effective critical
temperature T effC which can be thought of as the temper-
ature where the effective number of degrees of freedom
increases substantially, is strongly volume dependent (as
was shown in [14]; see [17] for qualitatively contrary find-
ings within a different phenomenological model).
The suppression of small quark-gluon droplets - due
to the color-singlet constraint - also implies that quark-
gluon admixtures relevant for the total system stem pre-
dominantly from relatively large droplets at T ≥ T effC .
Any contribution of the quark-gluon phase to the total
equation of state must therefore be a relatively strong
contribution. This is why the softening of the phase-
transition is reduced. As a result, one finite-size effect
cancels the other finite-size effect.
The influence of the explicit finite-size effect of the
quark-gluon equation of state on the second order baryon
number susceptibility is certainly not negligible accord-
ing to the model and should be addressed in analyses of
experimental observables. This is especially true if the re-
action volume as a hidden parameter implicitly changes
in a series of measurements, e. g. in centrality depen-
dence, while only T or µB is supposed to vary.
Both model calculations of, with and without explicit
color-singlet constraint of the quark-gluon plasma equa-
tion of state, approach the value 2/9 expected for an ideal
gas of massless quarks and gluons with two quark flavors.
In Figure 2 (bottom), the influence of a finite bary-
ochemical potential is depicted. The qualitative be-
haviour with respect to system size variations appears to
be similar to the µB = 0 case, i. e. one observes a signif-
icant shift of the effective critical temperature T effC with
decreasing volume. The transition region around T effC is
characterized by strong variations of χB2 in a narrow tem-
perature range, which is much more pronounced at finite
µB than at µB = 0. For a given volume, the discontinu-
ity of χB2 as a function of T occurs at lower temperatures
at finite µB as compared to µB = 0. This reflects the
decreasing TC with increasing µB already present in the
infinite matter case.
Another quantity currently discussed extensively is the
ratio of the fourth to second order susceptibility, which
is connected to the excess kurtosis
κB =
< (δNB)
4 >
< (δNB)2 >
− 3 , (4)
via
χB4
χB2
= κBσ
2
B . (5)
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FIG. 3. Fourth to second order baryon number susceptibil-
ity ratio χB4 /χ
B
2 as function of temperature at µB = 0. For
the QGP phase the equation of state without explicit volume
effects is employed.
This quantity is of particular interest since it is exper-
imentally observable, while there also exist lattice QCD
results to compare with [1][2]. Moreover, the volume and
4temperature terms cancel out, when the ratio of the sus-
ceptibilities is used. Figure 3 shows the fourth to sec-
ond order baryon number susceptibility ratio χB4 /χ
B
2 as
function of temperature at µB = 0 for the two-phase
model. Again, we consider first the scenario without
color singlet-constraint for the quark-gluon phase. The
two-phase model exhibits a strong divergence of the sus-
ceptibility ratio with increasing volume at the critical
temperature (of infinite matter) T∞C . This translates to
extreme net-baryon number fluctuations on an event-by-
event basis in a small temperature range. However, the
critical behaviour exhibited by this model scenario comes
along with the assumption of a first order phase transi-
tion for the infinite matter limit, which is, as was stated
above, not characteristic of strongly interacting matter
according to lattice QCD at µB = 0. In any case, the
divergence of χB4 /χ
B
2 is damped for smaller volumes ac-
cording to the model calculations. This is plausible since
the absolute effect of the system fluctuating between the
two phases (or the maximum correlation length, respec-
tively) is limited by the finite system size.
Consistent with Figure 1, the ratio of fourth to sec-
ond order susceptibility drops from ≈ 1 (expected for
an ideal hadron gas) to ≈ 2/(3pi2) (expected for a gas
of free, massless u/d quarks and gluons) in a relatively
small temperature range around T∞C even for small total
volumes. This picture changes as soon as a more real-
istic ansatz for the quark-gluon phase is chosen, i. e.,
the color-singlet constraint is preserved in the partition
function.
Figure 4 shows the fourth to second order baryon num-
ber susceptibility ratio χB4 /χ
B
2 as function of tempera-
ture at µB = 0 with the color singlet-constraint for the
quark-gluon phase. In line with Figure 2 we observe a
temperature shift of the sudden decrease of the ratio for
small system volumes. The total system seems to behave
as if it was infinite matter, however with a higher critical
temperature marking a first-order phase transition. For a
system size of V = 100 fm3 there is a temperature range
above T∞C between 155 MeV < T < 165 MeV, where the
observable susceptibilitiy ratios reflect the properties of
a ”superheated” hadron gas, not that of a quark-gluon
plasma. For even smaller volumes of V = 50 fm3, this
region extends to T ≈ 175 MeV. Moreover, according
to the model, the sudden change of the thermodynamic
bulk properties in a relatively small temperature range
around T effC gives rise to a near-divergent behaviour, i. e.
very large negative and positive values of χB4 /χ
B
2 . Note
that for a typical volume encountered at RHIC energies
(V ≈ 1000 fm3 in one unit of rapidity) the finite-size
effect is still very weak and the effective critical temper-
ature is shifted only by ∆T effC ≈ 2 MeV. Thus, for such
a volume a direct comparison to lQCD is reliable.
Figure 5 shows the fourth to second order baryon num-
ber susceptibility ratio χB4 /χ
B
2 as function of temperature
for different values of µB for V = 50 fm
3 in compari-
son to infinite matter. We consider the case with color
singlet-constraint for the quark-gluon phase. In the infi-
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FIG. 4. Fourth to second order baryon number susceptibility
ratio χB4 /χ
B
2 as function of temperature at µB = 0 for differ-
ent volume sizes. For the QGP phase the equation of state
with explicit volume effects is employed. The green dots show
the infinite volume limit of the model.
nite volume case, finite baryochemical potentials change
the susceptibility ratio as a function of temperature as
compared to a system at µB = 0. This is mainly due to
the hadronic phase which shows strongly reduced values
of χB4 /χ
B
2 with increasing baryochemical potential, while
the susceptibility ratio of the pure quark-gluon phase is
only weakly dependent on µB . The critical tempera-
ture according to the two-phase model is lowered from
T∞C (µB = 0) ≈ 155 MeV to T∞C (µB = 450 MeV) ≈
147 MeV. At T∞C (µB), the susceptibility ratio of the
two-phase system switches from the hadron gas to the
quark-gluon plasma value. Thus, generally, it exhibits
a sudden increase or decrease of its value, depending on
µB . Only for µB = 300 MeV, the values of χ
B
4 /χ
B
2 (T
∞
C )
happen to be the same for the hadron and the quark-
gluon phase, leading to a smooth transition. At higher
values of µB , infinite matter exhibits a negative suscep-
5tibility ratio in a certain temperature range below T∞C ,
because the values of the hadronic phase are sufficiently
low.
Now we consider a system of size V = 50 fm3. At
a finite, but moderate baryochemical potential of µB =
150 MeV, one recognizes a reduction of the susceptibil-
ity ratio in the temperature range of the ”superheated”
hadron gas, T∞C < T < T
eff
C , as compared to the µB = 0
case. Still, the value of χB4 /χ
B
2 is higher in the finite
system as compared to infinite matter. In the same tem-
perature range (where the quark-gluon contribution is
suppressed), χB4 /χ
B
2 drops to negative absolute values at
µB = 300 MeV. Here, the finite volume creates an effect
contrary to the one predicted for small baryochemical po-
tentials, as the observable susceptibility ratios are consid-
erably lower than for infinite matter. At µB = 450 MeV,
this effect is even more pronounced.
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FIG. 5. Fourth to second order baryon number susceptibility
ratio χB4 /χ
B
2 as function of temperature at different values of
baryochemical potential µB . For the QGP phase the equation
of state with explicit volume effects is employed. The results
for system size of V = 50 fm3 (red dots) are compared with
the infinite volume limit (green dots).
IV. SUMMARY
We have presented the first study on a novel finite size
effect on baryon number susceptibilities. According to
our schematic model, the expected change of the reac-
tion volume in heavy-ion collisions at different beam en-
ergies and centralities should lead to non-trivial effects
concerning χB4 /χ
B
2 even though one naively expects a
canceling of the (average) volume dependence in these
ratios. In order to make connections between experimen-
tal observables and the actual thermodynamic properties
of strongly interacting matter, one has to be very careful
with respect to the finite volumes of the reactions under
investigation. In real experiments one does not probe the
phase diagram in the shape of the classic T −µ plane but
in the T −µ−V space. From our model we infer that the
effective equation of state of strongly interacting matter
in a finite volume is necessarily different from the infi-
nite matter equation of state (which can be theoretically
explored with lattice QCD calculations).
We concede that the results presented here provide
only a first exploratory study within a simplified model
and can hardly be considered as quantitative predictions.
However, they point to a possibly significant complica-
tion in the analyses of experimental observables which
are aimed at comparisons with lattice QCD predictions.
It seems that more theoretical work in this respect needs
to be done.
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Appendix A: The grand canonical potential of the
two-phase system
As described in [14], it is assumed that the partition
function of the total system factorizes into the partition
fuctions of the two individual phases for fixed ξ, where ξ
characterizes the macroscopic configuration: The volume
of the hadronic phase and the quark-gluon phase are Vh =
ξV and Vq = (1−ξ)V , respectively. The grand canonical
potential Φ of the total system in configuration ξ is then
given by
Φξ(T, µB , V ) = [ϕh(T, µB , ξV )ξ
+ ϕq(T, µB , (1− ξ)V )(1− ξ)]V , (A1)
where ϕh and ϕq are the densities of the grand canonical
potential of the individual phases.3
3 For µB = 0 - as was the case in [14] - the grand canonical poten-
tial Φ can be replaced by the free energy F in all basic formulas
of the model.
6The normalized probability for the total system being
in configuration ξ must then be
p(ξ;T, µB , V ) =
exp[−Φξ(T, µB , V )/T ]∫ 1
0
exp[−Φξ(T, µB , V )/T ]dξ
. (A2)
Any intensive thermodynamic quantity of the total sys-
tem Atot(T, µB , V ) - including the density of the grand
canonical potential ϕtot - can then be expressed as
A(T, µB , V ) =
∫ 1
0
p(ξ;T, µB , V )[Ah(T, µB , ξV )ξ
+ Aq(T, µB , (1− ξ)V )(1− ξ)]dξ . (A3)
Appendix B: The grand canonical potential of the
hadronic phase
The model equation of state of the hadronic phase is
constructed as an ideal relativistic quantum gas of ex-
perimentally established non-strange baryon and meson
resonances up to masses of 2 GeV. We calculate the den-
sity of the grand canonical potential (which equals the
negative pressure) as
ϕh = −
∑
i
gi
6pi2
∫ ∞
0
dp
Ei
p4
exp[(Ei − µi)/T ]± 1 , (B1)
where ”+” stands for fermions and ”−” for bosons,
gi denotes the degeneracy of particle species i. Ei =√
p2 +m2i is the energy of particle species i and µi its
chemical potential.
In order to take into account repulsive short-range in-
teractions (or eigenvolumes) of the hadrons, all thermo-
dynamic quantities are corrected by the Hagedorn factor
1/(1 + /4B) [16], where  is the energy density of point
particles and B is the bag constant (its value is chosen
consistent with Appendix C). Note that ϕh is a function
of T and µB only, it does not depend on the subsystem’s
volume V .
Appendix C: The grand canonical potential of the
quark-gluon plasma phase
The model equation of state of a color-singlet quark-
gluon plasma of volume V , temperature T and quark-
chemical potential µq = µB/3 has been derived in [18].
The deconfined phase is thought of as a gas of non-
interacting quarks and gluons in a cavity, held together
by a phenomenological vacuum pressure B. The color
neutrality and total momentum constraints on all many-
particle states involved are accounted for with a group-
theoretical projection method: Starting with a Fock
space representation of free quarks and gluons, a group-
integration over the generating function (using an appro-
priate Haar measure) effectively projects out a canonical
partition function with respect to color and momentum
quantum numbers. The method consistently takes into
account the discreteness of the single-particle states and
thus includes average shell effects in quark-gluon plasma
droplets of finite size. In the case of two flavors of mass-
less quarks and fixed total momentum of zero the result-
ing grand canonical partition function reads (according
to [18]):
Z(T,R, µq) =
1
2
√
1
3
pi C−4D−3/2 exp(−BV/T )Z0 ,
(C1)
where Z0 is the unprojected partition function including
shell corrections. It is given by
lnZ0(T,R, µq) = X − Y , (C2)
with
X = pi2V T 3 × [ 37
90
+ (
µq
piT
)2 +
1
2
(
µq
piT
)4]
Y = piRT [
38
9
+ 2(
µq
piT
)2] . (C3)
The parameters for the finite-size corrections in C1 are
given by
D = 2X − 1
3
Y (C4)
and
C = 2V T 3[
4
3
+ (
µq
piT
)2] +
20
3pi
RT , (C5)
where R = ( 3V4pi )
1/3 is the radius of a spherical droplet.
The phenomenological bag pressure has been fixed to the
value B1/4 = 215 MeV in order to recover a critical tem-
perature of T∞C ≈ 155 MeV at µB = 0 within the simple
model (for infinite volumes), which matches the current
estimates of the chiral transition temperature from lat-
tice calculations (see [2] and references within).
The density of the grand canonical potential of the
quark-gluon plasma phase is then calculated from the
grand canonical partition function as ϕq(T, µq, V ) =
−T/V lnZ. This quantity depends explicitely on the sub-
system’s volume V .
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